Differential Structure of Abelian Functions 
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Abstract 

The space of abelian functions of a principally polarized abelian variety (J, B) is studied as a module 
over the ring D of global holomorphic differential operators on J. We construct a D free resolution in 
case O is non-singular. As an application, in the case of dimension 2 and 3, we construct a new linear 
basis of the space of abelian functions which are singular only on O in terms of logarithmic derivatives 
of the higher dimensional cr-function. 

1 Introduction 

Let (J, Q) be a (7-dimensional principally polarized Abelian variety and A the affine ring oi J — 0. We 
express J as the quotient of the (7-diniensional vector space by some lattice, J = C/r and Q as the 
zero locus of a theta function 9{z) with z = {zi, ..., Zg) being linear coordinates of C^. Analytically A is 
isomorphic to the ring of meromorphic functions on J which have poles only on Q. Such functions can be 
considered as meromorphic and periodic functions on C^ which have poles only on {9{z) = 0). Obviously 
if we differentiate such a function with respect to Zi then we again get a function with the same property. 
This means that A becomes a module over the ring of differential operators V = C[di, ..., dg], di = d/dzi. 
It is a very curious problem to determine generators and relations of the P-module A. The aim of this 
paper is to study these problems for (J, O) with O being non-singular. 

The case of dimension one is known from the classical theory of elliptic functions. In this case the 
structure of A is very simple. Let p{z) be the Weierstrass elliptic function and p the point of the elliptic 
curve corresponding to z = 0. In this case V — 'C[d\^ d = -^. As a P- module A is generated by 1 and 
p{z). More precisely 1, p[z), p'{z), p"{z), ... give a C-linear basis oi A, where p'{z) = j^pi^) etc. This 
fact is incorporated in the beautiful addition formula of Frobenius and Stickelberger: 
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where a{z) is the Weierstrass sigma function. Consider both hand sides of (QJ as a function of zi. Then 
the left hand side is an element of A whose order of poles at p is at most n. The right hand side of Q) 



expresses the left hand side as a linear combination of the basis 1, p'(z),. 



Jn-2) 



(z). 



Up to now not many is known for the P- module structure of A in the case of higher dimensions. In 
[3 the case of hyperelliptic Jacobians is studied and a conjecture on the V-iree resolution of A is given. 
Up to now it is still difficult to prove the conjecture in general. Moreover few is known on the 2?-module 
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structure of A for non-hyperelliptic Jacobians. In the present paper we construct a P-free resolution of 
A in the generic case which means that Q is non-singular. We remark that in this generic case similar 
problem for non-trivial flat line bundles on J is studied in j7]- 

The content of the paper is as follows. In section 2 the I?-module structure of the afhne ring of an 
abelian variety and its relation to the algebraic de Rham complex are explained. Large degree components 
of the highest cohomology group of the graded de Rham complex are studied in section 3. As a consequence 
the affine ring A is proved to be a finitely generated X'-module here. In section 4 small degree components 
of the highest cohomology group are studied. The dimension of each homogeneous component of the 
highest cohomology group are determined here. In section 5 to 7 characters of cohomology groups, afRne 
ring and some related symplectic vector space are calculated. A I?-free resolution is constructed in section 
8. In section 9 the results of §8 is interpreted into the term of theta functions. As examples a linear basis 
of A is given in terms of logarithmic derivatives of a theta function in the case of genus two and three. 
Three appendices provide proofs of Lemmas and assertions which are used in the main body of the paper. 

2 AfRne ring 

Let (J, Q) be a principally polarized abelian variety of dimension g. Throughout this paper we assume 
that g > 2 and Q is non-singular. This means, in particular, that Jacobian varieties of hyperelliptic curves 
of genus 5 > 3 and non-hypcrcUiptic curves of genus <? > 4 are excluded. 

Let O be the sheaf of germs of holomorphic functions on J, 0{n) [n > 0) the sheaf of germs of 
meromorphic functions on J which have poles only on 8 of order at most n and 0{*) the sheaf of germs 
of meromorphic functions on J which have poles only on Q. We set A — H^ {J,0{*)). It is isomorphic 
to the affine coordinate ring of J — O. The ring A has an increasing filtration determined by the order of 
poles on 6, 

A^U^^„An, An = H°(J,0{n)). 

We set An = for n < for convenience. 

Analytically A is decribed in the following manner. Let t be a g by g symmetric matrix whose imaginary 
part is positive definite, J = C/Z^ -I- rZ^ and 9{z) the Riemann's theta function. 



9{z) = y exp [iri nrn + 27Ti nzj , z = (zi, ..., Zg). 



The theta divisor is defined by 9 = {9{z) = 0) C J. Then 



An — 

where f{z) runs over all holomorphic functions on C^ with the property 

f{z + Tp + q) _ f{z) 
0{z + Tp + q)" 0{z)" 



(2) 



for any p,q ^ Z^ . Notice that the relation (0) is preserved by the differentiation with respect to z^. Thus 
A becomes a module over the ring of differential operators V — C[di, ...,dg] where di — d/dzi. 

In order to study the 2?- module structure of A it is convenient to consider the garded ring gr A associated 
with the filtration of A, 

gr A = ©Jf^ogI-„ An, gr„ An = An/An-l. 



Since the action of 9,; on A satisfies the relation 

diAn C An+l, 

gT A also becomes a P-module. Thus it is possible to define the deRham complex associated with gr^ as 
follows. Let T* = X]f=i Cdzi be the space of translation invariant holomorphic one forms on J. Define 
the map 

d:grA(g)APT* ^gr^^A^+^T*, 

^y d — X]f=i di®dzi. It obviously defines a complex (gryl(g)A*T*, d). We denote by H^ its fc-th cohomology 
group H'' {grA® AT*). Notice that 



i/»~grA/£a,grA, 



as a vector space. A basis of this space gives a minimal set of generators of gr A as a P-module. Therefore 
we have to study the cohomology groups of (gr yl ® AT*, d). To this end we introduce a grading on H^ 
as follows. Let us assign degree to elements in f\PT* by 

degdzjj A • ■ • A dzi^ = -p. 

The tensor product gr j4 (g) A^T* of two graded spaces is naturally graded. Since the map d preserves the 
grading, H'^ becomes graded. Let 

be the decomposition into homogeneous comoponcnts. 

3 Cohomology of large degree 

We first study the case of n large. 

Proposition 1 The following isomorphisms holds. 

0, 71 > 2 



^"- ' H3{J,0), 71=1. 



We set 

dz^ — dzi A • • • A dzg 



An element of H^^ can be written in the form fdz^ for some / G gr„^„ A. We denote the vector space of 
such/'sby i/9(dz9)-i. 



Corollary 1 As a D-m.odule, grA is generated by (B]i^_„H!^{d2 



9^-1 



For the proof of Proposition ^ we need to introduce some notations on sheaves. Let ^^ be the sheaf of 
germs of holomorphic p- forms on J, ^^[n) [n > 0) the sheaf of germs of meromorphic p- forms on J which 
have poles only on Q of order at most n, flP{—n) {n > 0) the sheaf of germs of holomorphic p- forms on J 
which have zeros on 8 of order at least n and gr„ fi^ = nP{n)/ilP{n — 1). 
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i<9- 
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H'+\J,0), 


n=l, 


i > 0, 




0, 


n> 1, 
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Since SI'' is a free Oj-module, the following relations are valid 

gr^np c, gT,,o®np, (3) 

ij'=(J,gr„f}P) ^ i/^-(J,gr„0)®iJ"(J,r!P). (4) 

H^{J,9F{n)) ~ H^{J,0{n))®H''{J,nP). (5) 

To study cohomology groups of those sheaves the following vanishing property of cohoniologies due to 
Mumford 5 is important. 

Lemma 1 ^ We have 

H^{J,0{n))^Q, k>l,n>l. (6) 

The next lemma easily follows from this. 
Lemma 2 

Notice that i?° (J, ^p) ~ A^iJ" (j, f^^) = A^T*. Using ^, © and Lemma[T]we have 

H\j,nP{n)) ~ A„®APr*, (7) 

ijO(J,gr„S7P) ~ gY^A®APT\ n>2. (8) 

The exterior differentiation defines a map d : QP{n) — > r2P+^(n+l) which induces a map d : gr„ fi^ — > 
gr„_|_]^ 17^+^. The induced map d : iJ°(J, gr„ 17^) — > _ff°(J, gr„_|_]^ $7^+-'^) on the cohomology groups is the 
same as that of the complex (gr A® /\' ,d) due to the isomorphism IHll. 

Define the sheaf <i>^, n > 1 as the kernel of the map d : ilP{n) — > J7P+^(n + 1). By the definition the 
following sequence is exact 

o^^l^ gr„ np -^ dgr„ np -^ 0. 

Notice that the map d : gr„ HP — > gr„+i $7^+^ is O linear and the sheaf <I>p , dgr„ fi^ become a coherent 
O- module. Let us set S = dlog 6. It defines a map 

EA : gT,,np ^ gT^+,np+\ 

Lemma 3 (i) For p > 1 

" ~ \ EAgr^nP-^, n= 1 
(ii) S A 5r„ O ~ (7r„ O for any integer n . 
(ill) gr,P ~ dgr^O. 
(iv) Ker{EA : gr_^ Qp -^ gr_^+^ fiP+i) ~ S A 5r_„_i nP-\ p > 1, n > 0. 



Proof. Since every statement can be proved in a similar way, we shall give a proof of (i) . It is obvious that 
the support of <I>^ is contained in 8. Let Q be a point of Q and {zq, ..., Zg-i) be a local coordinate system 
around Q such that zq = is a local defining equation of 6. Write a local section of gr„ QP as 

1 , 1 

where rji, rj2 does not contain dzo and zq. Then, in gr„_j,]^ J7'', 

n 

Thus dr] — in gr„_|_]^ fl^ is equivalent to 772 = 0. Therefore rj is a local section of $p if and only if it is 
written as 77 = -^dzQ Aiji with 771 astisfying the condition above. If n > 2, then ij = j^d I ^ii ) in gr„J7'' 
and ^P = dgr„_i nP-\ If 72 = 1, then 77 = ^ A 771. Thus $f = dlog6' A grg r^P-^. | 

Proof of Proposition 
By the definition 

_ gr„A0A^r* 

"-^ d(gr„_iA®A9-iT*)' ^' 

By © it is sufficient to prove 

ijO(J,gr„r!9) r 0, n>g + 2 



dif0(J,gr„_iO9-i) - i H3{J,0), n = g + l. 
Since if*(J, gr„ 57^) = for 77, > 2, 7 > 1 by Lemma|21and Q, the cohomology sequence of 

~>dgr„_2 17^-2 ^gr„_ir!3-i^gr„ 173— ^0, „ > 3^ (ig) 



gives the isomorphism 

ijO(J,gr„f]s) 



iji(J,dgr„„2r!5-2)^ ^>3_ (11) 



di70(J,gr„_ir!9-i) 
Using similar sheaf exact sequences we get, for 77 > g + 1, 

H\J, dgr„„2 ^'-') ^ H\J, rfgr„_3 n^-^) ^ • • • ^ i/3-i(J, dgr„„^ O). 
The last cohomology can be easily calculated as desired using Lemma 13 (iii) and Lemma |21 | 

4 Cohomology of small degree 

Next we study H-^^ for small n. Let us set 

ai^^-dimi/^,,. 

Obviously a^' — 1, of' — and Oj =2^ — 1. By Proposition ^ we have a^^^ = 1 and a„' — for 
"■ ^ 5 + 2. The remaining values of a„ are given by 



Proposition 2 For 2 < n < g + 1 we have 






5+1 I,. 

n — t 



Proof. The case oi n — 2 can be easily checked. The proof for n = g + 1 is given in Proposition O (i). 
Therefore we assume S < n < g. 
By © and ® 

a(f) = diniij"(J,gr„179) - dimdiJ°( J, gr„_i f^s-^). 

We have 

by the cohomology sequence of pU|). Tlie dimension of An is known as (c/. 0101) 

dimA„ = 7i9. 71 > 1, (13) 

Due to (IHJl we have 

dimi70(J,gr„f29) =71^- (n-l)9, 7i > 2. (14) 

Therefore 

a(f ) = dim iJ° (J, gr„ f]») - dim i7° ( J, gr„_i il^-^) + dim i/° ( J, dgr„_2 ri^-^^ 

= n^ -(g + l)(n- 1)9+ 5(7^-2)9 + dim iJ° (J, dgr„_2 f^9-2) , 7^ > 3. (15) 

Let us calculate the last term of ((T5|l . 
Consider the exact sequence 

— > dgrfe_i QB-n+k-i — ^ g^.^ f]9-»+fe ^ dgr;, n^-n+k — ^ Q^ ^ > 2. (16) 

The long cohomology sequence of p6|l gives the exact sequence 

O^H" (J, dgrfe_i fi9-"+fe-i) ^ H" (J, grj^ 179-"+'=) _, ^o ^ j^ ^g^^ ^79-"+^) 

^ H' (J, rfgr,._i 179-"+^-!) ^ 0, (17) 

and the isomorphisms 

W (J, dgr, r!9-"+'=) ^ iJ'+i (J, dgr,_i r!9-"+'=-i) , ^ > 1. (18) 

By ((T7|) we have 

dimij" (J, dgrfc ^9-"+'=) = -dimij" (j, dgr^^i n9-"+'=-i) + dimi7° (j, gr^ 09""+'=) 

+dimi?i (J, dgr^.i f79-"+'=-i) . (19) 



Multiplying (—1)" '' to both hand sides of H19|) and taking summation in k from 2 to ?i — 2 we get 

n-2 

dimi/° (j,dgr„_2l7S-2) ^ (-l)"-Mimi/° (j,dgri f}^-"+i) + 5](~l)"-^dimiJ° (j,gr, f7«-"+'=) 

fe=2 
n-2 

+ ^(-l)"-Mimiji (j,dgrfe„im-"+'=-i) . (20) 

fc=2 

By © and lfTI|l we know that 

dimffO(j,grfef]^-"+'=) = (^ ^^^ ^(F-(A:-in, fc > 2. (21) 

Let us determine the remaining part in H2U|) . 

Using repeatedly the isomorphism ((TH|) we get 

H^ (J, dgr^.i r!9-"+^-i) ~ H^ (J, dgrfc_2 r!9-"+^-2) c± • • • ~ H''-^ ( J, dgr^ ^J^-^+i) , (22) 

for fc > 2. Therefore one has to calculate the dimension of iJ* (j, dgrj^ ^1^^"+^). 
By Lemma 121 (i) the following sequence is exact 

— > S A gTo n^-" — > gri 179-"+! -^ dgTi 179-"+! — > 0. (23) 

The long cohomology exact sequence of (|23|) is 

>W{J,EA gro ^9-") -^ W (J, gri fiS-"+i) — ^ W ( J, dgrj f79-"+i) — >■■■ (24) 

Let us study the map a. 
Lemma 4 We have 

7J' (j,SA5(r_fcrjs-"-'=) =0, 0<i<n + fc-2, l<k<g~n. 

Proof. We can assume n < g. Let us prove the lemma by descending induction on k. For k — g — n, 

W ( J, S A gr_(3_„) O) ^ H' ( J, gr_(3_„) o) = 0, z < g - 2, 

by Lemma 121 (i),(ii) and Lenima|21 Suppose that the lemma holds from fc + 1 to g — n. 
By Lemma |21(iv) we have the exact sequence 

^ S A gr_fe_i fi9-«-''-i -^ gr_, ri^-"-^' ^ S A gr_, n^-^-^ — > 0, 
for < fc < 5 - n - 1. Then 

W (J, S A gr_fc f^s-"-*^) ==0, 0<i<n + fc-2, 
by the cohomology sequence of (|25|l . Lemma|51and the induction hypothesis. Thus the lemma is proved. | 
Lemma 5 W (J, S A gr^ Via-") ^ h' (J, gr^ rj9-«), i < n - 2. 



Proof. The lemma follows from the long cohomology sequence of (|25|) . fc = 0, and Lemma 0] | 

Let T* = (Bf^iCdzi, where " denotes the complex conjugation. Then H^ {J^O) ~ A'T*. By Lemma |21 
Lemma inland ^ we have 

iJ^ ( J, S A grg f79-") ~ A''T*A5-"T*, i<n-2, (25) 

iJ^(j,griO«'-"+i) ~ f^^+if*f^g-n+irj.*^ ^^Q ^26) 

Let 

g 
w = TT ^ (/m(T)-^)^ . dz, A dzj G t* A T*. 

Lemma 6 In the description of jii5)) . jii6)) f/ie map a is given by the wedging uj. 

The proof of this lemma is given in Appendix A. 

Remark From the cohomology sequence of 

— > C — > 0(1) — > dO{l) — > 0, 

we have 

H^{J,C)^H°{J,dO{l)). (27) 

We set 

Q{z)^d,\oge{z). (28) 

Then the one form dQ is naturally an element of the right hand side of (|27|l and it can be considered as 
an element of H^{J, C) ~ f* © T*. Let 

g 

w = ^ dQ A dzj (29) 

be the element of H'^{J, C) ~ A^H'^i-J, C). Then we have 

t^ = cj inij2(j,C). (30) 

The proof of (|30|l is given in Appendix B. 

By the standard argument using the representation theory of sl2 we have that the map 

ciA : ®,+j=„ A' T* A' T* — ^ (S)^+,=n+2 A' T* A' T* 

is injective for n < g — 1. Thus we have 

Lemma 7 The map a is injective for Q < i < n ~ 2. 

By Lemma 13 (|24ll splits into exact sequences 

^ i/' ( J, S A gro r!^-") ^ W (J, gri r!3-"+i) -^ W ( J, dgri f]^-"+i) -^ 0, 

0<i<n-3, (31) 

> iJ"-2 ( J^ 5 ^ gj.^ f^S-") ^L^ ^n-2 ^ j^ gj.^ J79-"+l) ^ iy»-2 ( J^ rfgr^ fl9-"+l) _^ . . . .(32) 

8 



From (Unj, (gni), EU we get 

dimiJ^ (J, dgi-i 179-"+!) ^ dim A*+i f * a9~"+i T* - dim A' f* A^"" T* 

.fi)(,/-i)-(?)(f.). "^■s"-^- <'') 

We substitute lETJ, (EJ, using ^, into (1201 we get 
dimi7"(j,dgr„_2 03-2) 

n-2 n-2 

= ^{-lT'^<^i^H^'^ (J,dgri 173""+^) + ^(-l)"-'^dimi/° (j,grj^ f79-"+''') 

A;=l fe=2 

-|Vir-"(( „!:) ( JO - ( " ) ( -^ ))+|W-'( „!0<''-"--'>'' 

9 \ 9 \ 9 \ 9 W , I 9 



fc=0 



E(-i)M 'i „-- J- ,.--.+ ("-^) 



n — 3 



i^2 



+(-ir-M '2 +E(-i)- „:,: H^- (34) 



Then the proposition foUows from l|15|) and (PU- 
Proposition 3 (i) The right hand side of iljij)) is equal to one. 



„=o ^ 5 / V5-2; •''• g!(g+l)!- 



Proof (1) Wc have 



= (-1)'" +i:(-i)»«-' (■'+') ■•''+i:(-i)' ( ? ) 

= 1, 

where in the last equahty we use 

g g+i 



i:(-ir(?)=o, o=(4)(i+.r.|_.^i:M)'(''t') 



(2) Write 



9+1 



9 



n=2 i=2 ^ 

S+1 n-3 / 



n — z 

n=2 i=2 ^ 

S+1 n-3 

9 ]-( 9 \l 9 

n— 3 4—0 



The sum S*! is easily evaluated as 

Si = (-1)^ 



To calculate S'3 we use 



which follows from 



We have 



E 



M ( M = ( ^' 

n J \ m J \ 9-k 



We use 



to deduce 



(1 + x)s(l + x-^y = x-s{l + xfs. 



2,9 \_( 2g 

; - 1 y I ,9 - 2 



/ J \ 9 9+1 9+1 / I 1 \ 



i^a;". 



The assertion follows from these results. 
It is known that ([U]) 



9-2 J '■ 5!(5 + l)!' 
By the algebraic dc Rham theorem 

H\J ~<dX)-H\A®h-T\d). 

Then the above proposition gives a relaion between the highest cohomology group of the algebraic de 
Rham complex {A AT*, d) and that of the graded complex (gr A ® A'T*,d). 

10 



Corollary 2 There is an isomorphism 

H3 ~HS{A®KT*). 

Proof. Take a set of representatives {rjidz^}, rji G gr„. A, of a basis oi H^. Let fi S A„. be a representative 
of 77i. Then we have a surjective map 

jja — , H^A(x)A-T'), 
r]idz^ 1-^ fidz'^. 

By Proposition 121 this map is also injective. I 

We hst some values of On' for small g: 

4^^^1, al^)=0, af=3, af = l, 
dimij2(j_e,C) = 5 = 1 + 3 + 1, 

(3) 1 (3) n (3) „ (3) „ (3) -, 

Oq — 1, a\ — 0, 02 = 7, flg = 6, 04 = 1, 

diiaH^iJ -Q,C) = 15 = 1 + 7 + 6 + 1, 

4^) = 1, 4^)=0, a(^) = 15, af=25, af ' = 10, 4^^ = 1, 



dim7J'*( J - e, C) = 52 = 1 + 15 + 25 + 10 + 1, 

4^^ = 1, a[^^ = 0, 4^' = 31, 4^^ = 96, 4^^ = 66, 4^^ = 15, a, 

dimiJ^(J-e,C) = 210= 1 + 31 + 96 + 66 + 15 + 1. 



5 The character of H^ 

In general the character of a graded vector space H = ©„il„ is defined by 

chiJ = ^rdimiJ„. 



By the definition the character of H^ is 



9+1 
n=0 



Proposition 4 



t^chHS = l-{l-ty + {l-t)3+^ fl + {t^)3{l-t)-A 



whe 



-^^ ^ \m + i J \m J '^^ ' \m + i + 2j\mj 



/i = {(m, i)| m + i < g — 1, < m, 1 < i}, 
/2 = {{m, i)\m + i < g — 2,0 < m^l < i}. 
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Proof. By Proposition 13 we have 



n=2 ^ 

3+1 n 



^2 = EE(-1)""M 'n^J^ )*'^"' 

n=2 1=2 ^ ^ 

s3=i:£Vi)-((„!i)(„-L.)-(f.)(„4-.)>"- 



71=3 i=0 

It is easy to show that 

By a similar calculation to that of 52 in (ii) of Proposition Owe get 



-5*2 = (1 - ty^^ (t^) (1 - tr^ - i(i - ty^'^ + (-1)^+^*^+^ 

The sum 53 can be written as 

■^ ^-^ ^ ' \m.^i ) \ "m ) ^-^ ^ ' y 771 + 1 + 2 J y m J 

The proposition follows from these formulae. 

6 The space W^ 

Let 

V = ©tiCa, ©ti CA ^V-®V+ 
be a vector space of dimension 2g. We make A^F, p > 1 a graded vector space by specifying degree as 

deg(/3ii ^ ■ ■ ■ ^ Pii ^ Uj^ ^ ■ ■ ■ A Uj^) = I - k, i>i, 

deg(aj;^ A • • ■ A aj^^) — — fc. 
Let uj — X]f=i f3i Aai. Then degcj = 0. Define 

a'^v 



w 



k 



cjA'^^2 y 

Since u; a'^^^ V^ is a graded subspace of a''V, W'' becomes a graded vector space. Its character is given by 
Lemma 8 



k I ^-^ \ k — m I \ 771 I ^-^ \ k — 2 — 7X1 I \ m 

/ m=o ^ / \ / ^^0 ^ ^ ^ 
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Proof. Notice that 

chW'' = ch a'' F - ch(w a''-^ V). 
According as the decomposition 



A'^y = a'^V- © ®'^2o a''"™ v+ a" V-. 



we have 



chA'=F=f f V"'+Ef .^ H ' V' 
On the other hand we have at least one d(^i in ui h^^"^ V and therefore 



7 Character of affine ring 

Let us calculate the character of gr A A^T*. We have, by (|13|l . 

oo 

i^ch (gr A A»r*) = ^ dim (gr„ A)r 

oo 

= l + ^(nS-(n-l)9)t" 

n=2 
= (l-t)(^l + (t|)ni-t)-l 

We introduce a grading in T> by assigning degree as deg^i = 1. Then the character of V is given by 

ch2?= {l-t)-s. 
Set iJ* == VF* for i < g. At this point we encounter a remarkable identity. 
Corollary 3 



i=0 



Proof. By Lemma |S1 



9 \I9\a- 

rn + i J \ m 

where /i,/2 are the same as those in Proposition^ Then the corollary follows from Proposition^] 
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8 Free resolution of afRne ring 

Define the map d : V iSi a'^V — >V^ a'=+V by 

9 

d{P ®rl|) = ^^iP®a^^ rj, 

i=l 

and the map w : P a'^F — > P a'^+^V by 

u;(F 77) = P ®uj Ai]. 

Obviously these two maps are P-linear and commute. Thus d induces a P-linear map d : T) ® W^ — * 
V (g) W^^'^ and defines a complex {J) ®W' ,d): 

— yV — yV®W^ ■> yV®W^ — >0. 

The following proposition has been proved in |2]. 

Proposition 5 0' The complex (T> ® W , d) is exact atT> ® W^ , k ^ g. 

Remark It can be easily checked that the map d preserves degree. Notice that the degree in this paper 
and that in El are different. 



Let W = ®nWl^ be the homogeneous decomposition. Notice that 

A"-iy+ A9-"+i K 



n 9 ,,, An-2 T/, AO-n T/ ' J--9 ' -9 



For J = (j'l, . . . , j„) we set | J| = n and dzj — dzj-^ A • ■ • A dz^^ ect. 

Lemma 9 The meromorphic g-form dQi A dzj, \I\ — n — 1 > 1, \J\ = g — n + 1 has a pole on Q of order 
at most n and thus can be considered as an element of gr^ A ® A^T* . 

Proof. Let / = (ii, ...,z„_i) and J"^ = {1, 2, ...,g}\J ~ {fci, ..., /c„„i}, fci < • • • < kn-i- Then 

dCi A dzj = cdct{Ci^k,)i<p,q<n-idz^ , (35) 

where Qj — diQ = didj log 9{z) and c = ±1. We set 9i^,,,i^{z) = di^ ■ ■ ■ di^6{z). Substitutes the expression 

6dz)e,{z) %(z) 

^*^ 0(z)2 ^ 0(z) ' 

into the determinant in 135|l . Then one easily see that dQ A dzj has poles on Q of order at most 
n. 

By Lemma El we have a natural map 

A"-i F+ AS-"+i F_ ^ H^„^g, (36) 

Pi Aaj ^^ dC,i A dzj. 

Since w = X]f=i A A a^ G V+ A V"_ is mapped to 

9 

2_\ '^j^i log ^ '^^i A dzi = 0, 

the map l|36|l induces a map 

Vn:W^_^~^Hl_^. (37) 
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Lemma 10 The map tpn is injective for n > 0. 

The proof of this lemma is given in the appendix. 

In the foUowing we sometimes identify W^ as a graded subspace of H^ by identifying /3/ A aj with 
d(i A dzj. Let us fix a decomposition 

where U^ = ®nUf^ is a graded subspace of H^ . We fix a homogeneous basis {u^|/3 G B} of C/^. With the 
help of this basis we define the map 

ev:V(g)HS — ^grA^A^T*, (38) 

in the following way. 

Let V — ®nT^n be the homogeneous decomposition. For aj A (3j € A^V, it is possible to write 
dzi A dCj = fdz^ with / G A^ where m ^ \J\ + 1 ii J y^ <j), m = otherwise by Lemma O Define first a 
map ev' : A^V — > grA<» A^T* by 

ev' [P ^ {ai A Pj)) = P{f) dzs e gr„+„ A dz^ , P e P„. 

Since ev'{uj A^^^ V) ~ 0, it induces a well-defined map ev : T) ® W^ — > gr Adz^. 
Next take P ®up & P„ ® t^m-o- Write U/j = fpdz^ with //j G 5r„j A. Then we set 

ev{P ® M/3) - P{fp)dzS G gr„+„ AdzS. 

Defining a map d : 2? (g) Ty^^i — > P ® i?'' by 

dw ^ {dw, 0) G (P «) M^») e (P i?^'), 

where rftu in the right hand side is the one defined previously, we get the complex 

— >V^Vr^W^ ^ >V(E)W^-^ ~^V®HS ^^grA®A^T* — > 0. (39) 

Theorem 1 The complex J^S9\) is exact and gives a T>-free resolution of grA(^ A^T*. 

Proof. By Proposition [S] the complex {T> (g) W, d) is exact at P (g W'^, < k < g — 1. Corollary ^ shows 
that ev is surjective. By CoroUaryEl 

ch {gvAdzS) = ch {Coker{V W^^^ — > P H^)) . 

It shows that the complex is exact at P (g) H^ . This completes the proof. I 

Simply omitting dz^ from gr A (g) A^T* we get a P-free resolution of gr A from H39|) . It is possible to 
give a free resolution of A itself using the above result. 

Take a representatives of {fpdz^lf] G Bn-g} from Andz^ and denote them by the same letters. The 
element dQ A dzj is considered as an element from Adz^ . We define the map 

e~v:V^ H^ — > A, 

simply by sending P (g f dz^ to P(f) G A. Again we have the complex 

— >V ^V^W^ -^ >P® W<'^^ ^V®H<^ ^ A — > 0, (40) 

where the maps other than ev are the same as before. 
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Corollary 4 The complex \4U[ I is exact and it gives a V-free resolution of A. 

Proof. The surjectivity of the map ev foUows from that of ev. We have to prove Kereti — (1(1) W^~^). 
Suppose that v e Kerew. Decompose v into homogeneous components as u — w„ + u„_i + •■• with 
degVi = i. Since ev{v) = 0, we have ev{vn) — — eti(w„_i) — ••• g An-i+g. Thus ev{vn) = 0. Since 
()39|l is exact, w„ = dwn in gr Adz^ for some Wn £ (2? W^^^)n- Then el'(w — dwn) = e'w(w) = 0. Now 
V — dwn = w„_i + Wn-2 + • • • . Thus repeating the same argument we finally have v = dw for some 

9 Theta functions 

In this section we interpret the results of the previous section in terms of theta and abclian functions. For 
I = («!,..., ij.), J — {ji, . . . ,jr) we define the element (J; J) of A by 

(/; J) = det(C,fej,)i<fc,i<r- 

In particular {i]j) = Cij- By the definition (/; J) is anti-symmetric with respect to the permutations of 
the indices of / and J respectively and satisfy (/; J) = (J; /). These functions arise from the relation 

dCi A dzjc = sgn( J, J''){I; J)dz^, 

where J'^ = {jr+i, ■■■,jg), {jr+i, ■■■,jg} = {l,2...,g}\J and sgn( J, J'^) is the sign of the permutation 
{J,J'^) ■ {1,2,..., g) i-^- {J,J'^). Let ev' be the composition A^V — > W^ -^ A, which maps /3/ Aajc to 
sgn( J, J'^){I; J). Then ev' {u A^~^ V) = 0. It is equivalent to the relations 

r+2 

^[-lf-'^{il, . . .,ir,jk;jl, . . . ,/fe, . . ■,jr+2) = 0. (41) 

fe=l 

All C-linear relations among (/; J)'s are generated by these relations. More precisely 

Proposition 6 Ker{ev' ) = uj A^^^ V . 

Proof. The proposition follows from Lemma [TUl and Corollary^ I 

The case r = 1 of H41|l gives the obvious relations Cy — Cji- The case r ~ 2 occurs for g > 4 and gives 

(Ji,ii; J2, js) - («i, J2; ji, ja) + {H,J3;jij2) = o. 

Corollary 2|tells that all P- linear relations among derivatives of (/; J)'s are obtained by differentiating the 
relations 

r+l 

^(-l)'=^i9,(zi, . . . , v; ji, ...,jk,.. . , jr+i) - 0, (42) 

i=l 

and taking linear combinations of them. The case r = 1 of 142|l gives the obvious relations 

dkCi] = djQk, j ^ k- (43) 

The case r = 2 gives the relations of the form 

dni{ij; kl) - di{ij; km) + dk{ij; Im) ^ 0. (44) 
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In the following example we set 



(/; J)n..., = a,, • • • d,^{I; J), (/; J)vi...n^^ = d{^ ■ ■ ■ a,;"(/; J), 

C^,...^p=^^,■■■^^^,\0g9{z), Cl"-!. ..«-■" = 9[' • • • S^" log 6'(z) . 



Example The case of g = 2. 
In this case H^ ~ W^ and 

HI2 = Cdz^, Hi = CCiidz^ © CCi2rfz^ ® CC22d2^ i?i = C(12; 12)dz^ 

By Theorem ^gr A is generated by H'^{dz'^)^^ over V. This means that 

groA^Cl, griA = {0}, gr2A = CCii®CCi2®CC22, 

and that gr„ A for n > 3 is linearly spanned by Cn...i„ and (12; 12)^^.. j^g. More precisely the following 
elements form a C-linear basis of gvn A: 

Ci^2= (r + s = n), (12;12)i.,2,, {r' + s' = n - i). 

In fact gr„ A is the C-span of these functions as we said above. On the other hand the number of those 
functions is 2n — 1 = dimgr„ A. Thus they form a basis. This basis for n < 3 is previously given in ^. 

Example The case g = 3. 

We introduce the lexicographical order on the set 1? . Then 

r3 



H'^ ~W'^ ® Cvdz'\ V e gr2 A, 
_3 — Cdz , H_^ = ©i<i,j<3'LsijL 



H^j = Cdz^ iJii = ®i<jj<3C0jdz^ ® Cvdz^, 



Hi = ®l<^<J<3,l<k<l<3A^f)<ikl) C(ij; kl)dz\ Hf = C(123; 123)dz3. 

Here we take a basis {u} of U^ , U^ — Cvdz^. The relations l|42|) with r = 2 in this case are 

di{ij; 23) - 92^-; 13) + 93fo-; 12) = 0, (ij) = (12), (13), (23). 

Using these relations functions of the form P{d)d3{12;ij) can be eliminated from the P-lincar span of 
H^ {dz'^)~^ . Then we get C- linear basis of gr„ A as 

Cpi2*23'3 («1 +«2 +«3 = "-), t'in2'23i3 (il + ^2 + «3 = " - 2), 

(12;12)pi2'2, (12;13)in2>2, (12; 23)^2-2, {ti+i2=n-3), 

(13; 13)pi2i23«3 (13;23)iii2»23»3 (23;23)in2«23«3 (ii + i2 + ^3 = " - 3), 

(123; 123)in2-23-3 iii+i2 + i3^n~ 4). 

This can proved by checking that the number of the above functions is n^ — (n — 1)^ = dimgr„ A. 

It is possible to give an explicit basis of U^. To this end we take Klein's sigma function (j(u) = a-{u; A), 
u — (ui,U2, W5) of the genus three non-hyperelliptic curve y^ — x"^ — ^o<a<3 o<a<2 ^3a+4i3x"y'^ = (012) 
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as a theta function. We mainly follow the notations in [2] except indices of variables Ui. In this case we 
define 9 = {a{u) = 0), di = d/dm C,ii...ik = di^ ■ ■ ■ di^ log a{u) for ij e {1, 2, 5}, (/; J) = det(CipjJi<p,q<r 
for J, J G {1, 2, 5}^. The afHne ring A, in this case, is the space of meromorphic functions on C^ which have 
poles only on the zero set of a and are periodic with respect to the lattice 2a;iZ^ + ^lo^S? associated with 
(J. All arguments in this paper do not depend on a special choice of theta functions and linear coordinates. 
Thus Theorem ^ holds without any change. Consequently a C-linear basis of gr„ A is given by 

Cl-i2*25'5 (il +i2 +«5 = "-), Wi.i2i25'5 (il +i2 + «5 = «- 2), 

(12;12)pi2'2, (12;15)i.i2»2, (12; 25)^2-2, (^l+^2=n-3), 
(15;15)pi2.25'5 (15;25)pi2«25'5 (25; 25)pi2.25'5 (ii + 12 + ^5 = " - 3), 
(125; 125)pi2-25'5 (?i + 12 + 45 = ?^ - 4). 

Here one can take 

2(C2222+6C|2), (45) 



a(u;A)2 
where D\ is the Hirota derivative defined by 



This can be easily checked by using the expansion 



where 



a(u;A) = ^(7/) + ^5„(u), (46) 

n>6 



S{u) = ^("i - 5"i"2 + 4"5) 



and Sn{u) is a polynomial in mi, 1*2, U5 of degree n with the degree being defined by degw.j = i. 

Remark It is asserted that ()46|) holds in |2||3|. However the proof of |2j contains some mistake. We could 
not find a proof of it in a literature. Thus, precisely speaking, the expression (I45II is derived assuming the 
expansion (|1S)| . 
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A Proof of Lemma El 

Condider the exact sequence 

— >0 — > 0(1) — > gri O — > 0. (47) 

By Lemma n] its cohomology sequence gives the isomorphism 

l3:H°{J,gT^0)^H^{J,0)~f\ (48) 

18 



Lemma 11 (i) The function Ci{z), 1 < * < 5, can be naturally considered as an element of H^ {J, gr^ O) 
and form its linear basis, where Ci(^) "is defined by ^28\) . 
(U)P{Cj{z)) = ttELi {{Imr)-^)^,dz,. 

Proof. Let p : V — > V/T = J be the projection, where T = Z^ + tZP . We shall use the group cohomology 
description of the cohomology groups of sheaves on J by pulling them back to V . We refer the appendix 
to §2 in the book 0. We mainly follow the notations in that book. 

For a sheaf JT on J such that W{V,p*T) = 0, i > 1, there is an isomorphism 

HP{T,H'>{V,p*T))c,HP{J,T), p>0, (49) 

where the left hand side is the group cohomology with the value in the F-module H^{V,p*J-). Since V is 
a Stein manifold and p is a local isomorphism, l|49|l is valid for a coherent 0j-module J-. Applying H49|l 
we have 

H\j,gT^O) ^ H%T,H\V,p*gT^O)) = H''{V,p*gT^Of , (50) 

where ( )'" denotes the set of F-invariants. 

We pull back the sequence (|47|) to V and take the cohomology sequence of it. Then we get 

-^ H°{V, Ov) -^ H" {V, 0{p*Q)) -^ H° {V,p*gY, O) -^ 0, (51) 

since W{V, Ov) = 0, i > 1. Thus 

yv,p gv^u)- jjo(^v,Ov) ■ 
Then 

H(J^^^^<^)^[ H0iV,Ov) ) ■ ('') 

Since Cjiz) G H° (y,Ovip*Q)) and 

Q{z + m + Tn) = Cj{z) ^ liriuj, m,n € Z^ , 

Cj{z) can be considered as an element of the right hand side of 1)52(1 and therefore of iJ°(J, gr^ O). We 
define the element aj{ni + rn, z) in the one cocycle C^ (F, i?°(V, Ov)) by 

aj{m + rn, z) = —2TTinj. (53) 

Let Si be the connecting homomorphism 

Si : H' {r,H'\V,p*gi-iO)) ^ H' {T,H'>{V,Ov)) 

of the group cohomology sequence of (|51|1 . One can easily check that 

Si{Cj{z)) — aj{m + Tn,z). (54) 

Let us calculate the description of aj{m + rn, z) in terms of Dolbeaut cohomology description. 
Let C^'^ be the sheaf of germs of C°° {p, g)-forms on X. Notice that 

(Kci-(d : H°{V,C°'^) -^ H°{V,C"/))Y 

H' {r,H^{V,Ov)) o, H\j,Oj) ^ A ^ — —- ^. (55) 

9 (i70(T/,C°'°)rj 
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This isomorphism is given in the following way. 
We have a natural map 

This means that any one cocycle /(7, z) G C^ (F, H^{V, Oy)) is written as 

for some C°° function h{z) on V. One can easily check that the isomorphism (|55() is given by 

/(7,z) ^dh{z). 

For the one cocycle 0^(7, z) we have 

aj{-i,z) = hj{z + -i)-hj{z), 7eF, 

a 
hj{z) = 71-^ {{ImT)-^)^^^ {Zk ~ Zk). 
fe=i 

Thus the isomorphism H55(l is given by 

g 

aj{l,z) ^ n^{{ImTy'^)^i^dzk. (56) 

fc=i 

This proves (ii) of Lemma [TTl Since (3 is an isomorphism and (3 {Cj{z)), ^ ^ j < 9 are linearly independent 
due to (|56() . (i) of Lemma II II is also proved. I 

By Lemma ^2 and (@J we have 

9 
S = dlog = ^0(^)dzj e i/°(J, gri O) ® H\j,n^) ~ H"{J,gT^n^). 

3 = 1 

Consider the connecting homomorphism 

(3: H°{J,gT^n^) ~iJi(J,f7i) ^T* ®T*. (57) 

of the cohomology sequence of 

— y^^ — > rj^(i) — » gr^ rji — > 0. 

By Lemma ll II we have 

/3(S)=^/3(0(z))Adz, =7r^ ((/mr)"!)^^. dz, A dz„ = ^ (58) 



where we use the fact that r is symmetric. 
Consider the composition of maps 



Q^9-n , g^.^ ^a-n l!\ ■^ /y g^^ ^a-n ^ g^^ f]S-«+\ 
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where the first map is the natural projection. It induces maps of cohomologies 

W{J,ns-^) ~ i?'(J,grof]s-") ~ H\J,SAg^^na-^) -^ H\J,gT, r!9-"+i), z < n - 2, (59) 

where we use Lemma Inland Lemma El Let us study the map (|59|l . In sum the map ()59|l is induced from 
the map 

09-» l^gl.^fi9-«+l. (60) 

Thus we consider more generally the bilinear map 

r^s-" X gri n^ — > gri rjs-"+\ (61) 

We pull it back to V and get the map of F-modules 
It induces a cup product on cohomologies (|S]) 

w (F, H\v, n'y'')) X w (r, H'>iv,p*gT, n')) -^ w+^ (r, H°{v,p*g^^ f]»^"+i)) . (63) 

Taking j = we have a map 

W (F, H\V, fifr")) X i/o (F, iJ°(F,p*gri rji)) ^ W (F, iJ°(F,p*gri f]»-"+i)) . (64) 

Then S e ff" (F, iJ"(F,p*gri n^)) defines a map 

if* (F,iJ«(F,r!r")) ^ i^^ (F,i/0(y,p*grif^^-"+')) , (65) 

which, by the definition, coincides with the map (|59|1 . Let us describe this map in terms of Dolbeaut 
cohomology. To this end consider the diagram 

H'{J,n9-"') X H"{J,gT^n^) — > ff*(J,grif79-"+i) 

llX;3 \S2 (66) 

Here the down arrows are isomorphisms, 62 is the connecting homomorphism of the long cohomology exact 
sequence of 

— > 179-"+! — > 179-"+! (1) — > gri ^9-"+i — > 0, 

and the horizontal map in the second row is the cup product of cohomologies. By a direct calculation in 
terms of group cohomologies one can show that H66I) is a commutative diagram. The cup product of group 
cohomologies is compatible with that of sheaf cohomologies. In Dolbeaut description the cup product is 
given by the exterior product. Therefore, by H58|) . the map a is given by wedging 6j. | 

B Proof of daOD 

Lemma 12 As an element o/_ff^(J, C) we have 

g 

^0 ^'^^{i^^'^y^)jk '^^^k - dzk). (67) 

fe=i 
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Proof. We denote the one cycle on J specified by the element m + rn in F by 7(771, n). Then 
/ dC,j = — 27rmj, / {dzk — dzk) — ~2i > Im', 



9 



'l{m,n) J'y{m,n) -_-^ 

The lemma follows from this. 

By Lemma [T^ we have 

9 9 

uo = 2^ d,(j A dzj = TT y^ ((/ttit)^"'") .^^ {dzk — dzk) A dzj 

3 = 1 ],k=l 
9 



= TT 2^ {[IrriT) ^) dzk A dzj 






w, 



where we use the symmetry of Im r. I 

C Proof of Lemma 1101 

For n = 0, 1, 5 + 1 the lemma is obvious. We assume 2 < n < g. By Lemma|21 Lemma|31 (iii) and Lemma 

EKi) 

f* ~ H\J, O) % H\J, gri O) ^ H\J, dgri O) = ®WCdC^ ~ V+, (68) 

where Si is the connecting homomorphism of the cohomology sequence of (|47|l and the last isomorphism 
is given by d(^j i— > f3j. On the other hand T* — (Bf^iCdzi ~ V-^ by the map dzj i-^ aj. Thus we have, by 
(|23J) and 123, 

H' (J, S A grg ns-'') ~ aV+ A^-" K, i<n~2, (69) 

7J*(j,grif]9-"+i) ~ A'+ V+ A5~"+i y_ i>0. (70) 

By Lemma El Lemma ITTl and H68|l the map 

a:W{j,EA gr^ ri^"") —. H^ ( J, gr^ ^3-^+') 

is given, in the description of l|H^ and ifTUIl . by wedging uj — X]?=i Pj ^ '^i- 
Consider the exact sequence (|32ll . For n = 2 we have the exact sequence 

-^ AS-2i/_ ^ v+ A»-i V- -^ H"(J, dgri n^-^) -^ ■ ■ ■ . (71) 

Since 

dgy.rt^-'^gr^ns, H"{J,gT,ns)^Hl_^, (72) 



we get the injective map 
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This map obviously coincides with (^2 • Thus the n ~ 2 case of the lemma is proved. 
Let us assume n > 3. By the isomorphisms (I22|l with k — n — \ and Hll() we have 

H^-\J, dgr, fiS-"+i) ~ H\J, dgr„_2 ^'"') - ^L,, ^ > 3. 



Thus we have the injective map 



^n : W^ 



9 ^ Jj9 

g ^-^n-g- 



(74) 



(75) 



Let us prove that V-'n coincides with tpn- To this end we explicitly describe the isomorphism 174|) . We use 
the notations in Appendix A. 

Lemma 13 Let I, J be the index sets such that \I\ — n > I, \J\ = I, n + I < g. Write I = {ii, . . . ,i„). 
Then 



d(i A dzj = d{ri A dzj), 

X " 

V^- y](~l)''"'G.rfGi A • ■ • A dG. A • • ■ A dO„, 



(76) 



fc=i 
and rj G H^ (V, 51y^ (np*0)) . /n particular 

dCi A dzj G ij" (y,df7'^)+'"^(Ve)) 
Proof. Notice that the determinant 

Cii S>iii"i ■ ■ ■ C,iir„_i 

has poles on p*Q of order at most n for any (ri, . . . , rn-i). The lemma follows from this. | 

Let 0^(7) be the one cocycle defined in l(5!^ and 

fij{'li,---,lk\z) = ar^ili) ■ ■ ■ arAlk)dC,i ^dzj, (77) 

where ri, . . . , r^ are distinct. We omit writing r'^s in //,/ for the sake of simplicity. By Lemma Il3l for /, 
J satisfying |/| = n — fc — 1, \J\ = g — n + 1, //,/(7i, . . . ,jk\z) can be considered as an element of 

H'^ (r,i/0(y,p*dgr„_,_if]^-^-i)) ^ H\j,dgT^_,_,n^-''-'). (78) 

Let Lk be the connecting homomorphism (|18|l 

Ok : H' (r, i/"(F,p*dgr„_,_i f73-'=-i)) ^ i/'^+i (P, i/"(F,p*dgr„_,_2 fi^-'^-^)) . (79) 

Then, using Lemma [T51 we have 

t-k{flj){lO,---,lk) = 

-J n — /e — 1 

ari(7i)---Qrj7fc) ^_^_-^ X! (-l)'"^«*i(7o)rfCn A---AdC», A--- ArfCi„-.-i Adzj. (80) 



!=1 
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With the help of (|80|) we find that the composition of maps 
is given by 



_, n—l 



dCi A dzj ^ > (-1)" '=an|j. I (7„_2, ■■■,li)dQ^ A dz 



n — ^ 

fe=i 



where / — («i, ..., in-i), \J\ = 9 ^ n + 1, and 

ai\{'i.^}{ln-2, •■•, 7i) = Oil (71) • • • a»fc-i (7fc-i)aj,+i (7/=) • ' ' aj„-i (7n-2)- 
On the otlicr hand the map 

is given by 



1 ""^ 



n-l 

t,ifc A dzj 



k=l 

and consequently the composition of maps 
is given by 

_. n — 1 

/3/AajK^ ^^-^;^(-l)"-i-'=a/\{,,|(7„_2,...,7iK*. Adzj. (82) 

k=l 

Comparing iH^TI) with l|^ we have V'n = <y2n- I 
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